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EXISTENCE AND LOCAL UNIQUENESS OF BUBBLING SOLUTIONS 
FOR POLY-HARMONIC EQUATIONS WITH CRITICAL GROWTH 

YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN 


Abstract. We consider the following poly-harmonic equations with critical exponents : 

= K{y)u^^, w>0 inM^, (0.1) 

where N > 2m+2, m G N+,K{y) is positive and periodic in its first k variables (yi, • • • ,2/fc), 
1 < fc < . Under some conditions on K{y) near its critical point, we prove not only 

that problem (10.11) admits solutions with infinitely many bubbles, but also that the bub¬ 
bling solutions obtained in our existence result are locally unique. This local uniqueness 
result implies that some bubbling solutions preserve the symmetry of the scalar curvature 
K{y). 


1. Introduction 

We consider the following poly-harmonic eqnations with critical exponent: 

(—A)™m = K{y)u^-2 ’^, M > 0 in (P) 

where N > 2m + 2,m E N+, and K{y) is a bonnded positive smooth fnnction. 

When m = 1, problem (P) is the prescribed scalar cnrvatnre problem in It is also 
well-known that a solntion of the following problem: 

j—Au = K{y)u^^, u>0 in . 

solves the prescribed scalar cnrvatnre problem on 

From the Pohozaev identity, it is easy to see that problem (II.Ih does not always admit a 
solntion. We are interested in the snfficient conditions on K{y), nnder which fll.ip admits a 
solntion. In the last three decades, there have been considerable interests in the existence 
and mnltiplicity of solntions for problem fll.ip nnder some snitable assnmptions on the 
fnnction K{y). See for example, [I], [7], [21], [36] and the references therein. When Kiij) 
is positive and periodic, by glning approximation solntions into gennine solntions which 
concentrate at some isolated maximnm points of the fnnction K{y), Li [21], [22], [23] proved 
that fll.ip has inhnitely many mnlti-bnbbling solntions for N > 3 (see [3S] for the more 


1991 Mathematics Subject Classification. Primary 35B40, 35B45; Secondary 35J40. 

Key words and phrases. Multi-bubbling solutions. Poly-harmonic equations, Gritical exponents, Pre¬ 
scribed scalar curvature. Local uniqueness. Symmetry. 

1 












2 


YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN 


general results). When Kiy) is a positive radial function with a strict local maximum at 
= ’"o > 0 and satishes 

K{r) = K{ro) - co|r - ro|^ + 0{\r - ro|)^+^ r e (ro - 6,ro + 5), 

for some constants cq > 0, (3 E [2, N — 2), and small constants 6 ^ > 0, 5 > 0, Wei and 
Yan [35] constructed solutions for fll.ip with large number of bubbles concentrating near 
the sphere |x| = tq for N > 5. Very recently, Li, Wei and Xu [25] proved the existence of 
solutions with inhnitely many bubbles for problem (P), where the centers of the bubbles 
can be placed on all the fc-dimensional lattice points with k < Moreover, they 

showed that the dimension restriction is optimal. For other related problems with critical 
exponents, we refer to [1], [2], [5], [7], [I3], [2T], [21], [27], [2H], [33] and references therein. 

In recent years, the poly-harmonic operators have found considerable interest. For in¬ 
stance, when m = 2, problem (P) is related to the Paneitz operator, which was introduced 
by Paneitz [30] for smooth 4 dimensional Riemannian manifolds and was generalized by 
Branson [6] to smooth N dimensional Riemannian manifolds. We refer the reader to the 
papers m, 0 , % na, HH], m, na, m, m, and the references therein, for var¬ 
ious existence results on the poly-harmonic operators and related problems. One can see 
from these papers that the poly-harmonic operator presents new and challenging features 
compared with the Laplace operator. To the best of our knowledge, not much is obtained 
for the existence and the properties of bubbling solutions for elliptic problems involving 
poly-harmonic operators and critical exponents. 

The aim of this paper is two-fold. Firstly, we will construct solutions with inhnitely 
many bubbles for problem (P) under some more reasonable conditions than those in [26] . 
Secondly, we will study the properties of the bubbling solutions for problem (P), especially, 
the periodicity property of these bubbling solutions. The problem for the symmetry of the 
bubbling solutions is independently interesting and is harder to study than the existence. 
Obviously it can not be solved by the methods of moving plane. Instead, we will attack it 
by studying the local uniqueness of a sequence of bubbling solutions via various Pohozaev 
identities. Note that for general integer m > 0, it is impossible to estimate each term 
appearing in the Pohozaev identities. Thus, a better understanding of the Pohozaev iden¬ 
tities is essential in the proof of our local uniqueness result, which, we believe, will be very 
useful in the study of other related problems. 

We assume that K{x) satishes the following conditions: 

(Ri) 0 < infRjv K{x) < supjjiv K{x) < oo; 

{A 2 ) K G is 1-periodic in its hrst k variables; 

(R 3 ) 0 is a critical point of K and there exists some real numbers (3 G (iV — 2m, N) such 
that for all |a;| small, it holds 


N 

K{x) = K{Q) + ^ai\xif + R{x), 

i=l 
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where i^( 0 ) > 0 , a, 7 ^ 0 , < 0 ^ -R(a:) is near 0 and X]i=o |V^-R(a;)||a;|“^+^ = 

0{\x\^) for some 6 * > 0 as a: tends to 0 , where means that np to [/9] derivatives are 

Lipschitz fnnctions, [/9] denotes the integer part of /5, denotes all the partial derivatives 
of order s. 

To state the main results of this paper, we need to introduce some notations hrst. For 
any integer k G we dehne fc-dimensional lattice by: 

Qk := {all the integer points in x { 0 } C M^}, where 0 G 

In this paper, we always assume that k < Take any sequence of integers Pj G Qfc, 

satisfying Pi 7 ^ Pj for i ^ j. It is easy to check 

1 




IP- — P-l 
i^j P* PI 


< +00, V j, 


where r = ^ — i?, i? > 0 is a hxed small constant. With this choice of ■d, we have t > k. 

The condition we impose on the choice of the points Pj G Qk is the following: 

1 „ 1 




max 


< 


C min 


i \Pi - Pj\ 


< +00. 


( 1 , 2 ) 


Let P > 0 be a large integer. Denote Pj = PjL. We are going to construct a bubbling 
solution, concentrating at Pj, j = 1, 2, • • •. For this purpose, we take Xj^L, which is close 
to Pj, fij^L > 0 large, and dehne 


U, 




(y) = 


A,l 


(i + AjAv - 


^ i\ — Jim 

with Cm = {U^AAN+2h)) . Note that Pq, 1 is the unique solution (up to a translation 

and a scaling) to the problem (see |M]b 

(—A) M = tiiv- 2 m ^ u > 0 in M^. 

Similar to [26], we dehne the following norms: 


11011*= sup U{y)^- - . 

1=1 (1 + yjAy ~ p , t |) ^ 


= sup ((t(i/)^ 


N+2m 


where <j{y) = min{l,min“^( 


1 /GR^ 


• CXD ^Z.L^T — 1 


W + 2m, 


AiA + yjAy-^jA) 


+ T 


-1 


-1 


\f{yA 


(1.3) 


(1.4) 


l^i,L 


}, and T > k IS the same constant as in (II.2p . 


In the following of this paper, we will also use the same notation 
sum in fll.3p or fll.4p is from 1 to n. 

Our hrst result is the following. 


and 


if the 
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Theorem 1.1. Suppose that K satisfies the conditions {Ai),{A 2 ) and (^ 3 ). Assume that 
N > 2m + 2, 1 < k < and the sequence Pj = PjL satisfies fll. 2 p . Then, problem 

(F) has a solution ul, satisfying 



00 

(1,5) 

for some and pLi^i, with 




Xi,L = Pi + Ol{1) 

( 1 . 6 ) 

and 




im^LU = 0 ( 1 ), 

(1,7) 

where ol ( 1 ) 0 as L ^ -t- 00 . 




Note that (ll.7p implies 

^ ^ f w * * 

ho ^ — ho’ ^ I 3 1 

Tj,L 

for some constants fiQ > yiQ > 0 which are independent of L. 

To discuss the symmetry properties of the solutions obtained in Theorem ll.il 
with the following local uniqueness result for the bubbling solutions of (F). 

Theorem 1 . 2 . Under the same assumptions as in Theorem \1.1[ if and are two 
sequence of solutions of problem (P), which satisfy fll.Sp . fll.bp and fll.8p . then = u^l'^ 
provided L > t] is large enough. 

Local uniqueness is an important topic in the study of elliptic partial equations. Theo¬ 
rem O can be used to study the properties of the bubbling solutions. A direct consequence 
of this result is the following periodicity property of the solutions. 

Theorem 1 . 3 . Under the same assumption as in Theorem \1.1[ if {Pj '■ j = 1,2, ■■■} = 
Qk, anduL is a solution of{P), which satisfies fll.51) . fll.bp and fll.81) . thenui is L—periodic 
in yj, j = 1,2, ■ ■ ■ ,k, provided L > D is large enough. 

The construction of bubbling solutions for (F) is somewhat standard. So in this paper, 
we will be a bit sketchy in the proof of Theorem ll.il Our main contribution to the existence 
result is to hnd a more suitable condition fll. 2 p for Pj in order to construct a bubbling 
solution blowing at the given set {F^- = LPj : j = 1,2, ■■ ■}. Condition fll.2p shows that 
it is not necessary to take all the lattice point Qk to form the set {Pj : j = 1, 2 , • • ■}. Of 
course, if we take all the points in Qk, then (ll. 2 p holds. 

In order to prove the local uniqueness result, we will use various kinds of local Pohozaev 
identities. Note that in the case of m = 1 (studied in [H]), each integral appearing in the 
local Pohozaev identities can be calculated or estimated. However, we can not follow the 
same procedure as in [T3] for general integer m > 0 , because the number of the integrals 
appearing in the local Pohozaev identities approaches to inhnity as m —?■ -|-oo. To make 


(1.8) 

we proceed 
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the things even worse, it seems impossible to give a precise local Pohozaev identities for 
general m. Thus, a better understanding of all those local Pohozaev identities plays an 
essential role in the proof of Theorem 11.21 See the discussions in Section 3. 

Note that in [351 [n], the center of the bubbles lies in a one dimensional space. When 
the center of the bubbles lies in a fc dimensional space, technical difficulties occur in the 
study of both the existence and the local uniqueness of the bubbling solutions. For the 
existence, these difficulties were overcome in [26] by introducing the weight function a in 
the norms dehned in fll.3p and fll.4p . For the local uniqueness, it seems that the key lemma 
in [HI does not hold anymore if k is large. So new estimates need to be developed to deal 
with this case. 

Let point out that we can replace (^ 2 ) by the following condition: K G is 4- 

periodic in i/,, i = 1, • • • , A:, for some k > 0. Under this new condition, we just need to 
dehne Qk ss follows: 


Qk := • • • , 0) G X {0} C for all integers i = 1, • • • , k). 

The paper is organized as follows. In section 2, we study the existence of bubbling 
solutions. Section 3 is devoted to the discussion of the local uniqueness and periodicity 
of a sequence of bubbling solutions. In Appendix A, some basic estimates are proved, 
while in Appendix B, we compute the formula for the asymptotic energy expansion. Some 
estimates of the error term are given in Appendix C. In Appendix D, we give some basic 
lemmas in algebra, which will be used in the proof of our existence and local uniqueness 
results. 


2. Existence of solutions with infinitely many bubbles 

In this section, we will prove Theorem 11.11 To this end, we hrstly construct a bubbling 
solutions blowing-up at hnite points {Pi, • • • , P„}. Throughout this paper, we dehne m* = 

2N 

N-2m' 

Theorem 2.1. Suppose that K satisfies the conditions (Ai), (A 2 ) and (A 3 ). Assume that 
N > 2m + 2, 1 < k < , and the sequence {Pj : j = 1, ■■■ ,n} satisfies fll.2p . where 

the eonstant C is independent of n. Then, problem (P) admits a solution Un,L, satisfying 

n 

I \Un,L ~ ^ ^ ^3:n,i,L,r~n,i,L II* ~ (2A) 

i=l 

_ N — 2m, 

for some Xn,i,L cind p,n,i,L, with Xn,i,L = Pi + ol(1) o.nd fin,i,LL i3-N+2m < c, where U > 0 
is independent of n, and ol{1) —)■ 0 uniformly in n as L ^ -|-cx). 

2.1. Linearization and finite dimensional reduction. For i = I, - - ,n, let x* G 

Pi (Pi), hi > 0. Set X = (xi, • • • ,Xn) and h = (/ii, • • • ,/!„) satisfying 0 < /iq < hi/hj < 
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/Xq < +CX 0 . For simplicity, we denote by f/j(a:), z = 1, 2, • • • , n. Let 

dUi dUi 

where ^ G C^(i?2(0)) satisfying ^{y) = ^(||/|), ^ = 1 in i?i(0), and ^ = 0 in \ 82 ( 0 ). 
The purpose of using the cut-off function ^ above is just to make the calculations simpler. 
We dehne the function spaces X and Y as follows: 0 G X if ||0||* < -|-oo, while / G Y 

if WfW** < +00- Set 

H„;=|0: 0GX, f (j)U^ Z,,, = 0, * = 1, • • • , n, j = 1, • • • , iV + (2.2) 

Let W„(l/) = Er=i </> e H„. We want to hnd a solution of the form Wn{x) + 0(a;) 

for (P) with ll^ll* small. To achieve this goal, we hrst prove that for hxed (x,/i), there 
exists a smooth function 0 G H„, such that 

n N-\-l 

{-AnWnix) + <P{x)) - K{y){Wn{x) + 0(x))f-1 = (2.3) 

1=1 j=i 

for some constants Cij. Then, we show the existence of (x, p), such that 

f (-Anw^ix) + Hx))Zij - [ K{y)iWM + = 0. (2.4) 

With this (x,/i), it is easy to prove that all Cjj must be zero. 

Part I: The Reduction. In this part, for hxed (x, p), we hnd 0(x, p), such that ||0||* 
is in (x, p) and (12. 3 h holds. In fact, we will use the contraction mapping theorem to 
prove the following result. 

Proposition 2.2. Under the assumptions of Theorem 1.1. If L > 0 is sufficiently large, 
fl2.3p admits a unique solution f = 0(x, p) in such that 110| |* < , where 

fi = min(/ii, • • • ,/i„). Moreover ||0||* is in (x,/i). 

Firstly, we consider the following linear problem: 


n N+1 

{-Arf - {m* - l)K{y)Wf-^f = h + (2.5) 

1=1 j=i 


for some constants Cij, where h is a function in Y. 

Lemma 2.3. Suppose that f solves (12.bh . Then ||0||* < C'||h||**, for some constant C > 0, 
independent ofn. 
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Proof. We can write 

(j){y) ={m* - 1) 

^ r 


a 


\z-y\ 


^—K{z)w::^-\z)ct>{z)dz 


a 


Using Lemma [A. 2 1 we have 


n N+l 

i=l j=l 


( 2 , 6 ) 


rT(z) 


N + 2m 


\^-y\ 


E 


Pi 


L, _ ylTV—2m / ^ /-I I I ,. iv+ 2 m_|_ 


dz 


j 

N-2m 


(2.7) 


< 


C\\h\U*a{y)Y^ 


Pi 


{1+Pj\y-Xj\) 2 


and 


Ui 


m* —2 > 




\y - ^1 


N-2m 


dz 


< C 


< 


Pi 




Cy. 


\y — z\^ 2 m (1 _|__ 2 ;^|)N+ 2 m 


dz 


( 2 . 8 ) 


— / - I IN N — 2m I _ ? 

(1 +/ii|l/-Xi|) 2 

where a{j) = 1, j = 1, • • • , iV, Q!(iV + 1) = —1. 

To estimate Qj, we use fl2.5p to hnd 


But 


Cy / „ ((">• - l)ii'('!/)irr-V + A)Zi.r 

<C^f'I 


hZ, 




(2,9) 

( 2 . 10 ) 


and (see (lA.lQp i 

f K{y)Wf-^(fZ,, 

Jrn 

= / A'(!/)(ir, 

11011*0 


m*—2 TTm*—2 
n 


ur‘-^)4>Zi,, + / (A(y) - l)f/”--".^Ziy + / ur‘-^4>Zi.j 

JlR^ 


+ 




in(AH^_r,/3) ^N-2mj^N-2m J ’ 


( 2 , 11 ) 


which, together with fl2.9p and fl2.10p . gives 

|cj,| < C(||ft||.. + o(l)||()i||.);i““*i’. 


( 2 . 12 ) 


































YUXIA GUO, SHUANGJIE PENG AND SHUSEN YAN 


Combining Lemma [A.41 and fl2.7p - fl2.12p . we are led to 


l0(2/)l(f^(2/)5^ 




Y {I + ^li\y - Xi\) 2 


-+T 


-1 


E 


< c 


+ 0(1)11011* + 


N — 2m I I A 


E 


II0II 


N-2m 


We can finish the proof of this lemma by using fl2.13p as in 
Proof of Proposition \2.2\ . Let P be the operator defined as follows: 

n N+l 

= / + /eY. 

i=l j=l 

where Cij are chosen such that ^ijPf = 0. Then it is easy to check that 

l|p/ll«<qi/ll**. 


(2.13) 


□ 


In view of Lemma 12.31 by the Fredholm alternative thoerem, for any h G Y, fl2.5p has a 
unique solution Ah G H„. 

Equation fl2.3p is equivalent to 

<f = A[P{N{<f))] + A[PlL], 0gH„, (2.14) 

where 

Af(^) = K{y)(^{W„ + - Wf-^ - (m- - (2.16) 

and 

n 

/i = K{y)Wf-' - y”’"'- (2.16) 

1 = 1 

Then, we can use the contraction mapping theorem as in [53] to prove that for large L > 0, 
fl2.14p has a solution 0 G satisfying 


II0I0 <c^I|/l|0 

Using Lemma [A. 6 1 we obtain the estimate for |10||* 


□ 


Part II: The Finite Dimensional Problems. Note that for any 7 > 1, we have 
(1 + t)f — 1 — yf = O(t^) for alH G M if 7 < 2; and |(1 + t)']_ — 1 — 70 < C'(f^ + |f0) for 
alH G M if 7 > 2. So, we can deduce 

[ i-AnWnix) + 0(a;))Z„- - [ K{y){Wn{x) + 0(a;))f "'Z,, 

= f i-ArWMZij - [ K{y)Wn{xr*-^Z,,^ 

Jrn Jrn 

+ (m*-l) / K{y)Wf-^Z,j^ + yf^o((p--\m.f)^ 

Jrn ^ '' 


(2.17) 
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It follows from Lemmas IB.21 and IB.31 Proposition 12.21 fl2.1ip and fl2.17p that fl2.4p is 
eqnivalent to 


^3 - Pj = 


and 


a 




N- 2 m 11^ 

n 


/i- 


^ = ] = !,■■■,n, 


A' 


(2.18) 


(2.19) 


where fi = min* fii. 


2.2. Proof of the existence theorems. 


Proof of Theorem \2.1i We need to solve fl2.18p and (12.191) . Note that 

1 1 _ dij . I . 

\p. — p.\N-2m \p, _ p\N-2mpN-2m ' pN-2m^ * W J- 

So, we can use Lemma fD.il to obtain the result. 

□ 


Proof of Theorem \l.l[ The proof of Theorem 11.11 follows from Theorem 12.11 bv a limiting 
argument, since we can easily shown that for any fixed L > 0 large, there exists some 
constant C = C{L), independent of n, such that 

Un{x)<C{L), VxeM^. (2.20) 


By elliptic estimate, for any R > 0, there exists a constant C 2 = C 2 {L) independent of n, 
such that \\un{x)\\c 2 m(^Bj^'j < C 2 {L), V n = 1, • • ■ , which implies that (up to a subsequence, 

iV+2m 

still denoted by Un) Un ^ u in satisfying (—A)™'m = Notic¬ 

ing that u decays at direction y^, we can deduce from the potential theory for elliptic 
equations that 


u{x) 


\y-x 


Kjy) . . ^ 

N-2m^+^y) 


iV+2m 

N-2m 




which also implies u > 0. 

□ 


3. Local uniqueness and periodicity 

In this section, we study the local uniqueness of the bubbling solutions for (P). We 
assume that conditions (y4i)-(y43) hold. Suppose that and are two sequence of 
solutions of (P), which satisfy (11.Sp . (II.6p and (II.8p . We will prove that = u^l'^ provided 
L > 0 is large enough. 
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3.1. Pohozaev type identities. Suppose that u and v are two smooth functions in a 
given bounded domain 11. In the section, we study the following two bi-linear functionals: 


Li,i{u,v) = / ((-A)’ 




dyi 


L2[u,v) ^ / ((-A)”'t£(y-x, Vu) + (-A)”“u(y-x, Vu)). 


(3.1) 

(3.2) 


Proposition 3.1. For any integer m > 0, there exists a function such that 


Li^i{u,v)= / 


'an 


Moreover, fm,i{u,v) has the following form: 


2m—1 


i=i 

where is bi-linear in V% and 

Proof. For m = 1, we use the integration by parts to hnd 


Li^i{u,v) =- ( 


du dv dv du , f , 

+ —— ) + / ( 


du d^v dv d'^u X 

+ — 


dp dyi dudyi^ J^^dyjdyjdyi dyjdyjdyi 
f 2 du dv dvdu, f \ 

Jan dp dyi ^ dp dyi ^ ^ Jan 


For any integer m > 1, we have 

dv 


r /(9(—A)”* ^u dv (9(—A)”* dn X 

Ian dp dyi ^ dp dyj 


f 2 d{—A)'^ ^u d'^v d(—A)™ ^v d‘^u 

^ Jn dyj dyjdyi^ dyj dyjdyj 

f ,d{—A)"^~^u dv (9(—A)”*“^n dn x^ 

Jan dp dyi ^ dp dyj 

dv . , . X XV. 1 / _ <9n 


+ y^J(-A)”-M..V^) + (-Ar-‘y(..V^)) 


dyi 

If m = 2, then the last term in fl3.6p becomes 

[2 dAv dAu 


dyi 


dyi 


^-1 ■ 


AuAvPi, 


(3.3) 


(3.4) 


(3.5) 


(3.6) 
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which gives 


/ ((-A)T|L + (_AfA 

Jn oyi dyi' 

,d{—Au) dv d{—Av) du 


I dn 


du dyi du dy} 


(3.7) 


r f)oi r 

+ > +(-At)(z/,V—» + / AuAvui. 

Jdn oyi oyi Jqq 

We assume that the conclusion holds up to m—1, m > 3. Take Ui = —Au and Vi = —Av. 
Then 

Thus, by using the induction assumption, we can conclude that the result is true for any 
m. □ 


Remark 3.2. From the the proof of Proposition 13.11 we can see that if hi is a ball centered 
at x, u and v are functions of \y — x\, then there exists a function such that 

fm,i{u,v) = fm{\y - x\)Ui. As a result, fm,i{u,v) = 0. 


Proposition 3.3. For any integer m > 0, there exists a function gm{u,v), such that 

N — 2m 


L 2 {u,v) = / gm{u,v) 
Jan 


Moreover, gm,{u,v) has the following form: 


2m—1 


in 


v{-A)^u + u{-A)^v). 


(3.9) 


gm{u,v)= Y, Uy-x,V^u,V^^-^ 

3=^ 


2m—1 

v)+Y 

j=0 


(3.10) 


where lj{y — x, V%, ^v) and lj(V^u, ^ ^n) are linear in each component. 

Proof. If m = 1, then using integration by parts, we obtain 


[{—Au){y — X, Vn) + {—Av){y — x, Vu)) 

2 

f du dv f 

/ ++ / {y - x,u){Vu,Vv) 

Jan ou au Jq^ 

N-2 f ,du dv , N-2 [ , ^ ^ . 

— ijr.'’ +„A„). 


(3.11) 


2 


2 
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For any integer m > 1, we have 


[ {{-A)^u{y - X, Vn) + (-A)"*n(i/ - x, Vn)) 

Jn 


- ( 


\m—ln 


d{—A)^ ^ \ ^ 9(—A)”" 


-( 1 / — X, Vn) + 


an dp ^ ' dp 

d{{—A)'^~^u) dv d{{—A)'^~^v) du 


{y - X, Vm)) 


% 


% 


% 




) 


dyj ’ a?// dyj ’ 


( 


c?(—A)™ , , (9(—A)'"" "n 


\m—1. 


fan 


dp 


-(1/ — X, Vn) + 


(9z/ 


(i/-x, Vm)) 


^ L ^1; A (-Ar-'Us - v|^» 

+ / + (-Ar-‘«^) 

Jan 


c^z/' 


- 2 /" ((-A)”*-iMAn + (-A)”^-inAn) 

Jn 

{—A)^~^u(y — X, VAn) + (—A)™'“^n(i/ — x, VAn)). 


Letting m = 2 in fl3.12l) . we obtain 



— X, Vn) + (—A)^n(i/ 


— X, Vm)) 


/* /^7; /^7/ 




+ / (^y — x,p)AuAv 


N -A 


Ian 



dv . 

—Au — V 
dp 


dAu 

dp 
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Since 


4 / AmAt + / (i/— x, V(AmAt)) = / (i/— x, z/)AmAt — (iV — 4) / AuAv 
Jn Jn Jdn Jn 

f / > A — 4/‘,(9m. c?At . 5Am ^ 

= 1 {y-x,u)AuAv-^^ I {—Av-u^ + —Au-v^) 


'an 
A-4 


'an 


dp dp 


dp 


{y{—AYu + m(— A)^n). 


2 Jn 

For any integer m > 2, we assume that the result is true for any integer up to m — 1. 
First, we have 

-2 j {{-A)^-\Av + (-A)”^-^nAn) 

= -" (3.14) 

+ 2 [ {{-Aru)v + {-Arv)u). 

Jn 

Moreover, by the induction assumption, we obtain by using the integration by parts, 

- [ {{-A)^-^u{y - x,VAv) + {-A)^-h{y - x,VAu)) 

N -2{m-2) 


In 


= / gm-2{-Au,-Av) 

Jan 

= [ 9m{u,v)-———— f {v{-A)'^u+ u{-A)"^v). 
Jan ^ Jn 


{{-Av){-Ar-\ + (-AM)(-A)’"-in) 


(3.15) 

Hence, the result for any m follows from fl3.12p . fl3.14p and fl3.15p . □ 

Remark 3.4. From fl3.14p and fl3.15p . we can find the formula for n): 


/2m-i(V“n,n) = 


N — 2m f 9(—A)™ 


'an 


dp 


-V. 


(3.16) 


3.2. The bubbling solutions. Let Ul = i + be a solution of (P), which 

satishes fll.5p . fll.bp and fll.Sp . In this section, we will estimate and \xj^L — Pj\- We 
will use various Pohozaev identities to achieve this. 

Using Propositions 13.11 and 13.31 we can obtain the following two Pohozaev identities: 


1 

2 


'assixj^L) 


fmji'llLi Ul) 


dK{y) 


K{y)u^ P.-— . 

^ -I dBsixj,,) ^ % 


-u 


L 1 


(3.17) 


and 
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1 

2 


'dBsixj^L) 




(3.18) 


=—1 / K(y)uf{y - / (Vii'(!/), y - , 

JdBsixj^L) rn Jbs(,xj,l) 

where u is the outward unit normal of dBs{xj^L). We will estimate each term in fl3.17p and 

(EUl). 

We denote fii = uiaxj Note that for y G dBs{xj^L), 

m—1 


u.. 




E 


Oli 


1 


-2’t^ / V ,.2i L, _ ^ \N-2m+2i 

where do = 1, and cii 7^ 0 is a constant, i = 1, - ■ ■ ,m — 1. 
Let 

^ m—1 

T 7 / \ \ ^ 

Vj^L{y) — iV-2m / ^ 


^ ( Af+2m ) 5 


(3.19) 


I"! 


Then, we have 


UL{y) =Vj,L{y) + O 


N-\-2m 

hL ' 




+ 




N—2m-\-2i * 


H- —], yedBsixj^L)- 

hi ^ 


Since 


we have 


2 ^7V-2m 

1 


(3.20) 


(3.21) 




-A)^ 


Oi 


= 0, in \ {xj^i}- 


,,2i L, _ T . ,. |Y—2m+2i 

Pi.Lly 


(3.22) 


So on dBsixj^i), the leading term Vj^L{y) oi ul is an m-harmonic function. From this 
observation, by using Propositions 13.11 and 13.31 the estimates of the surface integrals on 
dBs{xj^L) in the left hand side of fl3.17p and fl3.18p for can be reduced to the 

estimates of the surface integrals on dBg{xj^L) for any small number 6* > 0, which can be 
done because we know the singular behavior at Xj^l of the function Vj^iiy). 

Lemma 3.5. Relation fl3.17p is equivalent to 


dK{y) 




=0 ^ 


/r, , ^ Fill- ^iX,Uj,L N ..N-2mrN-2m 

'Bs{xj,L) ^y^ rl ^ 

maxj 


+ 


maXi \xi^L - Pi\^ 


Rl 


-+T 


(3.23) 


hr 


+ max \xi^L - 


Proof. It follows from fl3.2ip that 


/ K{y)ufu, = 0{—). 

'dBs{xj^i^) Rl 


(3.24) 
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To estimate the left hand side of fl3.17p . noting that Vj^L^y) is a function of \y — 
we use Remark 13.21 to obtain 
LHS of fiTTTll 


1 

'2 


Vj^i) + A + N-2mrN-2m 

’dBsixj^L) ^^L ^ 


\ W — O.m. . “T 


-+r 


hr 


(3.25) 


1 


—O ( —^ + 


+ 


\^l\ 


. N N-2m r N-2m —^ 

hi hn 2 


-+T 


+ 


hi" 


Moreover, from 

/ 

J Bs{xj^L) 

dK(y) 


E + (E )-o{^ 




i X 

T7/v)’ 


we hnd 


' Bs{xj^i^) 


dyi 


ur = 


' Bs{xj^i^) 


dK{y) 

dyi 

1 




^N-2m^N-2m ' ^n) 


1 

H- M 


+ o(ii...tii.(^5^ + ix,,i - p/) + ii..,iiir). 

hi ' 


Thus, fl3.23p follows from fl3.24p . fl3.25p and fl3.26p . 
Lemma 3.6. Relation (I3.18p is equivalent to 

BY. 


pIl 


N— 2m N— 2m 


=0 ^ 


Ri,L Rj,L F*,T ^j,L 

1 1 

+ 


IA^—2m 


+ 


,N ,,N-2m+2 j^N-2m ^N-2mj^2{N-2m) 


hi hL 


hi 


maXi \xiy - Pi\_ max^ ^ 


hL 


3-1 


he 


where B > 0 is a constant. 

Proof. We hrst estimate the left hand side of 03.181) . We have 


UL{y) =yj,L{y) + - 

Ri,L \y-Xi,L\^-^^ 


o 


+ 


iV+2m ' N — 2m 


hL 


hL 


+2 


+ 


II^lII. 


]^N-2m+2 Rl 


j, yedBsixjy). 


Let 


QjAy) = Ady) + 


a 


Fi RiA \y - ^i,L 


A—2m 


(3.26) 


□ 


(3.27) 


(3.28) 


=-.VjAy) + RjAy)- (3-29) 
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We have 


’dBsixj^L) 


gmiuL^Ui) 


„ o( ^ J__L 11^-^ II* _|_ ll'^^ll* \ 

+ ^N-2m+2^N-2m+2 + ) 


\\^l\\* . Ili^ilh 


JdBsixj^L) r~L r'L ^ 

Note that Rj^iiy) is bounded on dBs{xj^L)- Now we compute 
gm{Qj,Li Qj,L) 


/ii" 


IdBsixj^L) 


' dBs(xj^i^) 


gm{Vj^L, + 2 / gm{Vj^Zj, ^j,L) R I gm{Rj,Ly Rj,L) 


'dBs(xj^L) 


'dBs(xj^L) 


+ 2 / 9miVj^L,Rj,L)+0[ jy_.^^ ). 

JaBs(xj^L) f^L ^ 


JdBs (xj^l) 

Moreover, from the definition of Vj^L, we get 

gm{Vj,Ly Rj,L) 

1 


'dBs(xj^L) 
Cm. 


gr 


g-jL 


X. ^\N-2m^^gL) + <^(^V-2m+2^Ar_2m)‘ 


Note that both and Rj^i are m-harmonic in = Bsixj^i) \ Bg{xj^i,), 

0 > 0 is any small constant. We apply Proposition 13.31 in hi to obtain 


' dBsixj^L) 


gmi 


\y - Hi 


\N-2m^ 

\ Ja 


gr 


dBg {Xj^l) 


\y - 


j,L\ 


\N-2m^ 


Since Rj^l and its derivatives are bounded on dBe^Xj^i), we find that the term in 
satisfies 

life - x,.!., V' ,.^ d 5 i = 0,... ,2m - 1 


\y - hl 

As a result, as 0 —)■ 0, 


h{y-Xj,L,'^^ 


\y - X 


■j,L\ 




I N—2m 


>aBg{xj^L) \y Xj^L\ 

For / = 0, • • • , 2m — 2, the other terms in fId.lOp satisfies 




\y - Xj, 


i,L 




\y - xj^lI^-'^' 


Therefore, 


'aBg{xj^L) 


h(V' 


\y - Xj, 


i.L 


\N—2m 


,v 


2m—1—1 


(3.30) 


(3.31) 


(3.32) 

where 

(3.33) 

(M) 


(3.34) 


Rj^i) —^0, / = 0, • • • , 2m — 2, as 6^ —)■ 0. (3.35) 
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Using fl3.16p . we have 




2m—1 


N — 2m 


_ TD 


\y - Xj,L 


(3.36) 




'dBg{Xj^L) 


du 


-Rj,L- 


The function (—A)'” ^ l\N-im depends on \y — xj^lI only, which satishes 


-A[(-A) 


m—1 


\y - 


\N-2m} ~ 


for some constant Cm > 0. As a result, there is a constant c'^ > 0, such that 


-A) 


m—1 




\N-2 ■ 


This, together with fl3.36p gives 

1 


'dBg{xj^L) 


^o(V 


2m—1 


\y - 


_ TD 


{N-2){N-2m) 


E 


2 0^-1 
Bm 


R 


'j,L 


'dBg{xj^l^) 

■(l + oe(l)). 


(3.37) 


IA^—2m 


yi,L FiT ^i,L\ 

where Bm > 0 is a constant. 

Combining fl3.32p - fl3.37p . we conclude the existence of some constant B^^ > 0 such that 


'dBs{xj^L) 


9m{y^j,L) Rj,L) 


E 




N— 2m N— 2m 


We are now to estimate 
/ 9miyj,L) Vj^l) 

JdBs(xj^L) 

m—1 m—1 « 


R ^N-2m+2j^N-2m ) ' 


(3.38) 


(3.39) 


EE 


,,A'—2m / ^ ^ ,,2h,,2k I \r)i _ o- . 

h=0 k=0 JdBs(xj^L) 1^ 

and 

Proposition 13.31 to obtain 


|A^—2m+2/i’ |y _ 2m+2fc 


)■ 


Since ^y_^, ^^l^ 2 m+ 2 h and ^|l, 2 m+ 2 fc are m-harmonic in Bs{xj^L) \ Bg{xj^L), we can use 


'dBsixj^L) 


'dBg{x 


b - 2 :yL|^- 2 m+ 2 h’ \y-x 


j,L 


N—2m-\-2k' 


9m ( 

I 

/_^_i_ 

,■ i,) b - Xj -' \y- Xj- 


)• 


(3.40) 
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On the other hand, we have 

1 

9n 


\y-x^ 


j,L 


N—2m-\-2h^ ^ —2m-\-2k ^ 


2m—1 


lliy-Xj^L^r— 


1 


1=1 
2m—1 




\y - Xj,L 

1 


N—2m+2h 


,v 


2m—I 


1=0 


\y - X 


hL 


N—2m+2h 


,v 


2m—1—1 


\y-Xj,L 

1 


N—2m+2k ' 


(3.41) 


b - Xj,i 


:}N-1 


I N—2m+2k ' 


where fh,k is some function dehned on Thus fl3.40p and fl3.4ip yield 

_X.^^\N-2m+2h^ \y _ j;.^^\N-2m+2k) = 0N-2m+2{h+k) /mM" (3.42) 


' dBs{xj^L) 


Since the left hand side of fl3.42p is hnite and N — 2m + 2{h + k) > 0, we conclude 
/§iv-i fh,ki^) = 0 ) which gives 


’dBsixj^L) \y Xj^Ll 


N—2m-\-2h'^ 2m+2fc 


)=o. 


Therefore, we have proved 


gm{Vj^L, Vj-.l) = 0. 


(3.43) 


(3.44) 


JdBs{xj^L) 

Inserting fl3.38p and fl3.44l) into fl3.3ip . we obtain 


idBsixj^L) 


9m{Qj,Li QJjL) 


E 


BL 


N— 2m N— 2m 


\Xj,L - Xi^L 

From (I3.30p and (I3.45p . we get 


\N-2m 


, 1 1 
V 2m+2^/\r_2m 


yN-2mL2(N-2m) 


)• 


(3.45) 


LHS of firm = ^ 


BL 


N— 2m N — 2m 


l^j,L \^j,L - Xi,L 


O ^ + 


N-2m 




+ 


maxj \Xi^L 




hL 


-+T 


(3.46) 


maxj \Xi^L 


p.\W 

J- 7. 




+ 


^W- 2 m^ 2 (A- 2 m) 
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We now estimate the right hand side of of fl3.18p . Firstly, we have 

1 


On the other hand, 


/ K{y)uf{y-Xj,L,i^) = 0{^). 

IdBsixj^L) f^L 


{^K{y),y - Xj^L)u^^ 


(3.47) 




m 


o{ 


N 

/ O'ilyi — 


ifuf 


m&Xi\xi^L - Pi\ , maxj - Pi|^ ^ max* 1 


/3-1 

Pl 


+ 


hL 


+ 






(3.48) 


N 

^=1 _/ 

jRjv 


\y\^u^: 


o 


/maxj Ixi^L - Pi| ^ maxj |xi,i - Pi|^ ^ ^ maxj |xi,L - P^]™*^ ^ 1 


/3-1 

Pl 


+ 


+ 


+ 


Thus, the desired result follows from (I3.46p . (I3.47p and (I3.48p . 
Proposition 3.7. It holds \xj^L ~ Pj\ = 




□ 


Pj\< 


Proof. With the same arguments as those of [TT], we can verify the estimates 

C and N- 2 mjN- 2 m — ^ some 0 < O < cxo. Hence we may assume ~ Pj) 

r-L X 

which implies that 

f dK{y) 

J Bs{xj^L) 


- -U"^* 

Qy. 


ail3 , 

f 1 % 

J 


ai/3 

( [ 

0-1 

V / 

Hl 





(3.49) 


lUi + Xo^i\^ ^(i/j + Xo,i)P(((\ + o(l)') + 0(—. 

^ l^j,L 


It follows from fl3.23p and fl3.49p that 

[ \yi + xo,if~‘^{yi + xo^i)U^^ = o(l), 


(3.50) 


which yields xq = 0 . 
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Noting that 1^*1^ = 0) we obtain 


J Bs{xj^i^) 

ail3{l3 - 1 ) 

p-i 

Hl 


dK{y) rrm* 

Qy. 


- Ui) + O(^), 


(3.51) 


which, together with Lemma 13751 implies l-^j,L{xj^i^L — Pj,i) = ^(^~)- Therefore \xj^L—Pj\ = 

O(^). □ 


N — 2m / ” / 1 \ \ ~ 

Proposition 3.8. It holds fij^i = lBj + 0[ — jvia^ j ], for some constant Bj > 0 


ll3-N+2r, 


Proof. Noting that \xj^L ~ Pj\ = we hnd 


\^i,L 


N—2m 


{\Pi - Pj\ +0{jr)Y-^'^ \P - P^N-2mLN-2m 

As a result, we see that fl3.27l) is equivalent to 
1 1 


^ -(l + 0 ( ^ 

— 9m. ^ ^ 


P^-P^L^Ii 


4l 


_ _ _ I : /V-2mr7V_2m + “TTt)- (3-52) 

i^j fiyif L^-^^\Pi - Pj\^-^^ I^lPl L 




N — 2m N— 2m 


Since we assume that 0 < /iq < < /^o, we can easily deduce from fl3.52p that 


Let 


1 _ (Ii,L 

N-2m {N-2m) 

l^2{^-N+2m) 


l\ —zm i\ —zm 

• Then, 0 < Cq < < Ci < +oo, and 






BY. 




Pr - P. 


\N-2m 


pj,L 


where n = 

Oj > 0 . 


> 1. Hence, from Lemma [D.21 we obtain = ctj + 0 (^ 7 ^) for some 


□ 


3.3. Local uniqueness. Suppose that problem (P) have two different solutions and 
which blow up at P^, j = 1, 2, • • •. For k = 1, 2, we use and to denote the 

(k) 

center and the height of the bubbles appearing in uf , respectively. 

Let 


u 


Vl = 


( 1 ) ( 2 ) 

( 1 ) .,( 2 )|| 


\U 


u 


Then, rji satishes ||? 7 l||* = 1 and 


L 11* 


(-A)’"r,i = /(s,«P,'db. 


(3.53) 


( 3 . 54 ) 





































EXISTENCE, LOCAL UNIQUENESS OF BUBBLING SOLUTIONS 


21 


where 

Write 

where 




I (1) (2) 

K < II* 

( 1 ) „.( 2 ) 




fi.y^ui\uY) = Kiy^Liy^iy), 


-1 


ciiy) = {m* - 1 ) / {tu^l\y) + (1 - tWL{.y)T ^ 


(3.55) 

(3.56) 

(3.57) 


It follows from Propositions 13.71 and 13.81 that 


U»> „<■> - C«> „»> =o(\xfl - (., I + - ,i.fl\\d,Uj» m l) 


=Oi —U (1) ( 1 ) I, 


which gives 


( 1 ) ( 2 ) 

uV -uV = 


0(fEC<«„m+Fhl + l-f 




(3.58) 


Thus, we have proved 


TVa* —2 


CL{y) =(m* - l)t/V) AD 

+ o({—U(i) ( 1 ) + ye Bdix^ll) 

n'^^^LN-2m 7 

Using the Holder inequality, noting that ||a;^*^|l* = o(l), we can deduce 

)i < cH/”;r.U.>i>)DDi+ c'(i4"U)r‘-G i4'>(Dr‘-tDi(Di 


(3.59) 


OO 

I + ^(1) ii^^ii*^(^) (E 




S) 


j 

OO 


+ yUly - 


m*-l 


(3.60) 


<CW'^^A),fxw\VL{A + o{1)\\vl\\M^) E 


iy 


( 1 ) 

'j,L) 


^(i + Ahly-Uil)*^ 

where IUl.x,/^ is dehned by (lA. 8 p in Appendix A. 

Similar to the proof of Lemma IA.41 we deduce from fl3.60p that 


( 1 ) 


\Vl 


a 


(i/)E 


AlI) 




E 


< C'(o(l)||r7£,||* + 


OO 

1 


(3.61) 


XU 
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To obtain a contradiction, we just need to show that \'r]L{y) \ = o(l) in 
which will be achieved by using the Pohozaev identities in the small ball 


Let 


Lemma 3.9. It holds 


N — 2m 

f}L,j{y) = {-^) ' yd^y + x)l). 


N 


VLjiy) as oo, 


(3.62) 


(3.63) 


k=0 


uniformly in C"*(i?/j(0)) for any R > 0, where bj^^, k = 0, - ■ ■ ,N, are some constants, and 

dUo,x 


'fo = 


d\ 


A=i dyj 


(3.64) 


Proof. In view of Ifijl < C in any compact subset of we may assume that rjij 
in CiociM^)- Then it follows from the elliptic regularity theory and fl3.54p and (13.591) that 
fj satishes 


{-Arf, = {m*-l)U^r%, in 

which combining with the non-degeneracy of t/o,i gives 

N 

0 = ^ ^ bj^k'fk- 

k=0 


dY 


Let G{y,x) = Cm\y — xf^ " be the corresponding Green’s function of (—A)"* in 
Lemma 3.10. We have the following estimate: 

OO 2m—1 

Vl{x) ^IL,c^9‘'G{x^II,x) + 0{- 

j=l |o|=0 


(3.65) 

(3.66) 
□ 

m • in>Y 


Af+2m _ n , 

o ^ 

hL 


(3.67) 


'y ^ ^j,m.,L{x) R 0{ N+ 2 m Q ) 1 in C 
l^L ' 


'2m—1 (iTbN \ I lOO 


i=i 




where a > 0 is any small constant, (RG{y,x) = > oi = {oiii oti n), and the 

dvi ’ ■■■dvM' 

constants satisfy the following estimates: 


^j,L,o - 


f{y,u^P{y),u^L\y))dy = 


.( 2 ) 


'BRxfl) 


l^L 


Aj,L,a — 0{- 


l^L 


G|«| 


), |a| > 1. 


(3.68) 

(3.69) 
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Proof. Denote fl{y) = f{y,u^l\y),uf{y)). We have 


Vl{x)= G{y,x)fl{y)dy 


rn ^(y^^)fLiy)dy + 

oo 2m—1 

j=l |o|=0 


.jBcr{x'-f) 


G{y,x)fl{y)dy 


(3.70) 


Vo( / \y-xfL?^\fl 


+ / G{y,x)ff{y)dy. 


For y e \ UjB^{x^j'^l), noting that r = ^ for > 0 small, similarly to (I3.60p 

and flA.Op . we hnd 


l/I(!/)l <^^"(-4; + (felA’l 

Pl 


N+2m , Q 

<Cl^L " 


\m*-2 


^ ^ I 11)1 




m* — l 


I U) I il-X; 

j=i\y-xff\ 2 


( 1 ) 


Thus, we have 


iR^XUjBaixfl) 


N+2m , a 

G{y,x)fl{y)dy <Cy^ " 


E 


< 




j=l\X-Xj^L\ ^^2 


(3.71) 


Similarly, by Lemma [A. 3 1 


’ Ba{xff) 


<c 


< 


c 


\y - Pina 

\y-x 


,(1) |2m 






1 c 




— A±2El_(m*-l)i9 ■ 


Pl 


(3.72) 
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Inserting fl3.72p and fl3.7ip into fl3.70p . we obtain fl3.67p . Similarly, we can prove that 
fl3.67p holds in \ ■ It remains to estimate Aj^L,a- 


^j,L,0 - 


1 


f{y,ui\y),u^L\y))dy 


1 


fli^y + xfhdy 


(h 


-o 


'3,LI 

1 


' B 




(o)\Bfl(o) i 2 /r ’ 


dy 


(& 

If |a| > 1, then 

|^j,L,o| ^ C 


■ (m* - 1 ) / Ul*^ ^ ^ bj^kipk + o(l)) = o{ . 

V /dJV ^' / -2- 

Bl 


k=0 


'bax^%) 






i+H. 


(3.73) 


(3.74) 

□ 


Using (I3.17P and (13.181) . we can dednce the following identities: 

fmAVL,U^l^) + [ fmAu?,VL) 

dK{y) 




IdB^ixfl) 


I m d<{y)CL{y)yLVi- I ""'''' gL(i/)hL, 


and 


IdB^xfl) 


'dBi{xfl) 


gm{yL,U^L)+ / gm{uf\yL) 

JdBdixfl) 

K{x)CL{y)vL{y - xfl,u) 


'Bdixfl) 


VK{y),y-xfl)CL{y)yL, 


where Ciiy) = + (1 ~ ^ dt and d > 0 is a small constant. 

Similar to (I3.59p . we can deduce 


c'L(!/) = f/;:r>+o((^y..,y..+ 

Xj,L’k'j^L ^ UT. jY’OY 


(3.75) 


(3.76) 


2 L^-2m 


_L 1/ id)| I I, /)/ c R 

+ \uJl \ + \Uj^\) j, y e Bd[Xjj^). 


(3.77) 
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To estimate the boundary terms in fl3.75p and fl3.76l) . we need the following estimates which 
can be deduced from Proposition 1C.II and Lemma 13.101 




d 


m—1 


a,' 


+ 0 (- 


+ 




N+2m 
2 


■) 


(3.78) 


=:l/fd 0 (- 


+ 


■), yedBd{xfl), 


and 


vM = Fj^rn,L{y) + 0{ 


1 


iV+2m 
2 


Af-f“277l 

5 ^ 

hL 


)+o(- 


■), yedBdix^ll). (3.79) 


N— 2m ^ Ti,T o 

—2— l^N-2m 




Proof of Theorem M.^ . Step 1. We prove = 0, k = 1, ■ ■ ■ , N. We need to estimate 
each term in fl3.75D . From fl3.77p . we obtain 


and 


f dK{y) 

iBaixfl) dyi 

Pai 

13 Qi 


'dBaixfl) 


CLiy)vi 


K{y)CL{y)vLi^. = 0{—), 

Pl 


(i),g_i, iv+2^ / \yi\^ \CL{^y + x^ll)fjL,j + o{^) 


J,L 


N 


\yif ^^6j'fcV'fc + o(l))+0(—) 

^ Pl 


k=0 


(hi f lftl'’""!/T„’"r'* + o(i)) + o(4)- 

^ Jkn / Ur 




Combining 

RHS of fl3T5ll = 


and (I3.8ip . we are led to 
(3a, 






(bj,i f bd d* + o(l))+0(^). (3.82) 

^ Jmn / jjf 


To estimate the left hand side of fl3.75p . using fl3.78p . we have 


(3.80) 


(3.81) 


LHS of l|33gi = / /™,.(L,™,z„ U‘>) + / >, 

JdB^xfl) JdBd(xfl) 


(3.83) 


Now we claim that 
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This gives 


/ , , =0, / fmAVL^Fj^m^L) = 0. 


LHS of ra = + O(^). 


(3.84) 


(3.85) 


Hence, (I3.82p and (I3.85p imply bj^i = 0, i = 1, ■ ■ ■ ,N. 

It remains to prove fl3.84p . We just prove the second integral in fl3.84p is zero. Note that 
this integral is a linear combination of the following integrals 

f fmi{d'^Gixf},x), --). (3.86) 

So, we just need to prove that the integral dehned in fl3.86l) is zero. 


Since- ( 2 ) ]v- 2 m+ 2 i x) are m-harmonic in Bd{x^^[) \ Be{x^^l)^ by Proposi- 

\y~^j,L\ mi, , , 


41 )' 


42 )' 


tion l3.11 we hnd 


'dBg(xfl) 


fm,i{d‘^G{x^^l,x), 
fm,i{d'^G{x^ll,x), 




:) 


I TV—2m+22 


)■ 


By using the same arguments as in fl3.40l) - fl3.43p . we can prove 

42) ' 1 


’dBeixfl) 


fm,i{d'"G(x)lx), 


|TV—2m+22 


)=o. 




Step 2. We prove bj^ = 0. It is easy to deduce 
RHS of fl3T6ll 

^ N N 


E“‘l!"l'’U'”Y‘E^.* + o(i))+0(4v) 




fc =0 


^^L 


N 




2 = 1 


N{yllY ^ Tr^ 

It follows from fl3.78p and fl3.79p that 


Ko l2/|^f/o™rVo + o(l))+0(;^). 




(3.87) 


(3.88) 


(3.89) 


LHS of (EZSl) = / 9m{Fj^m,L, Ri'^) + / 9m{VP, Fj^^^l) 

JdBd{x^/l) JdBdix^j^l) 

+ 0i.N-2mrN-2rr,) + ^ (zn)' 




T'-l 


(3.90) 
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Similar to the proof of fl3.84p in Step 1, we can prove 





Therefore 


LHS of (CT) = +Q(^)- 


(3.92) 


Combining fl3.89p and fl3.92p . we are led to 



[ |!/|T„”;-Vo = o(i) 

Jrn 


(3.93) 


This gives bj Q = 0. 


□ 


Proof of Theorem \1.3[ . To prove that ml is periodic in yi, we let 

Viiy) =UL{yi - L,y2,--- ,i/v)- 

Then, vl is a bubbling solntion whose blow-up set is the same as that of ul- By the local 
uniqueness, vl = ul- Similarly, we can prove that ul is periodic in i/j, j = 2, ■ ■ ■ ,k. □ 


Appendix A. Some basic estimates 


In this section, we give some technical lemmas. Throughout Appendixes A, B, C and 
D, we will use the same notations as before and we also use the same C to denote different 
constants unless otherwise stated. The proof of the following two Lemmas can be found 
in [35]. 

Lemma A.l. Let Xi,Xj G ^ Xj, i ^ j, it holds 


1 


(1 + \y-Xi\)^{l + \y-Xj\y 



where a and (3 are some positive constants, 0 < a < min(a,/5). 

Lemma A.2. For any constant 0 < a < N — 2m, there exists a constant C = C{N, a) > 1 
such that 



Set 

:= {y G such that \y — a;*| < \y — xf, for all j ^ i}. 
Lemma A.3. For any 6 > k, there exists a constant C, such that 



(A.l) 


y e Bi\= Bi{Xi). 
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Proof. For y G it holds \y — Xj\ > ^\xi — xf. As a result, 


E 


< 


E 


C 


C 

< - - < 


c 


+Pj\y- ^j\y - ^j\y (pi^y {i+fniy-xiiy 


□ 


The following lemma is the main ingredient in the discussion of the existence and the 
local uniqueness of bubbling solutions blowing-up at fc-dimensional lattice for k > 1. 

Lemma A.4. Suppose N > 2m + 2,1 < k < and denote fl = min{pi, • • • ,ian}- 

Then there exists 9 > D small, such that 


< 


Jm^ \y ~ y 

C(T{y) 


N-2m 


4m 








Proof. By Lemma [A.31 if z G Bi{xi), we have 


y{i + fij\z-Xj\) 2 
- -\ — -^{y) 


-+T 


-dz 


Pi 


N^+r+d r,& 


/-I I I \ 

{1 + Hj\y-Xj\) 2 


-+T 


w, 


4m 

N-2m 


E 






< C- 


Pi 


-+2m 


(A.2) 


By Lemma [A.21 we have 


'Oif-iBi 


1 4m _ n . ^ 

W , (I + iij\z - Xj\) ■> 


dz 


< C 


< 


Pi 


-+2m 


liHBi \y - (1 p.i\z - Xil)^ 


, 1 Hilz - 
Pi 


Cp, 


r I -| 

- + 1—r 


< 


(1 + Pi\y - a;.|)min(^^+2m+l,V-2m) 


Cp. 


N-2m 

2 




{1 + Pi\y-Xi\) 2 


N^_^T+e' 


(A.3) 
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Similarly, we have 




^- -rr^Wn^-^^ (z)a(z) y- 

'QinBi \y ^ [1 flj\z — ^j\) ^ 


-dz 


3 

N-2m 


< c 


< 


hi 


+2m 


'UiOSi \y - (1 + Hi\z - Xi\)^ 

N-2m 




which, together with flA.Sp . gives 


< 


'QinBi \y ^ 

C(T{y) 


N-2m 


4m, 

Wn^-^^{z)a{z)J2 


hi 


{1 + yj\z - Xj\) 2 


-+T 


-dz 


- (l + |i/-x,|)^+-+^ 
We have the following inequality: 


(A,4) 


(A.5) 









m*-l 





N + 2m 

h,- ^ 

(E 

i 

1 


(1 Thilh 

iV’+2m 

hi ^ 




N-\-2m 


{1 + yj\y - Xj\) 2 


+r 


If 2 ; G \ UjBi{xj), then 




hi 


h 


/-I I I \ 

{l + yj\z-xj\) 2 


-+T 


Thus, we have 


(A.6) 


Wr 

c 


4m 

N-2m 


E 


E 


hi 


C 


/ -1 I I \ 

A + mz-xA) 2 


hi 


^ hn^ (l+^.|^_ 2 ;.|)^+- 




h 


iV’+2m 

2 

'3 


— — 19 j / I I \ Af-(-27n I 

h y (i + /ij|z-xj|)^+ 




(A.7) 
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Then, the result follows from Lemma IA.2I 
Set 

oo 

i=\ 

Define 

iV(c^i) = K(y) ((W'l,,,, + - (’"• - 

and 

OO 

iL = K(y)wr;:,_^-Y^uT;-x.,- 

i=i 

We now estimate N{ujl) and II- 
Lemma A.5. If N > 2m + 2, then 

Proof. We have 

rC'|a;ip‘-\ N>Qm-, 

\cWI%JujI + Clwil”'-*, N < 6m. 


AUl)I < 


□ 

(A.8) 

(A.9) 

(A.IO) 


Since r = 


N-2m 


D, k < n—^ and ■d > 0 is small, we hnd that if A < 6m, then 


£ c'fE 


Pi.L 


/-I I I \ 

[1 + - Xj^Ll) 2 


-+T 


m*-3 


As a result. 


PjL \m*-l 


\N{u;L)\<Ca{z)(J2- - , 


llc^nll 


min(m* — 1 , 2 ) 


The result follows flA.611 . 

Lemma A.6. If N > 2m + 2, then 

IKlIL* < C 


mm(A3^_r,/3-T+l) 


Pl 


+ max \xi^L - 


where /i^ = miuj 
Proof. We have 

ly = K(y) - 1 ) E + ^ 2 . 


□ 
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Assume y E Qi. Then, 

|Ji| <6- 


2m 






(1 + f^i,L\y - Xi,L\)^^ ^^xL\y - Xj,L\)^-^^ 


(A.ll) 








(I + fij,L\y - Xj^lD 


N-2m 


m* — l 


;= Ji 


11 -r ^12 


Since \y — Xj^lI > \y — for y G ffj, we find 


|Ai| < 


Cfi. 


N+2m 

i,L 


(1 + fULb - ^ 




(A.12) 


and 

l^iil < 




N+2m 
2 




1 + yi,L\y ~ Xi^lI \ t -1 


/^2 


rE 


y.L 


/ _J / I I s N+2m -[ 

(A.13) 

(A.14) 

(A.15) 


Hence, we obtain 

Similarly, we can also prove 

Thus, flA.141) and flA.151) yield 


II >^ 11 II** E 


C 


{yxL) 


N-\-2m 


11^: 


12||** ^ 


c 




N-\-2m 


111** E 


C 


{yiL) 


N-\-2m 


Now, we estimate J 2 . Similar to the proof of flA.lbp . we have 

^" + 2771 


y-^m‘-i 


< 


Ca{y)y 


i,L 




Ar+ 2 m 


j¥=i 

We also have 


-, y E ili. 


(A.16) 


(A.17) 


W + 27TI 
2 


|A'fe)-lKJ„<— - \v-x,A>l- (A.IS) 

+ yi,L\y Xi^l\) 2 /ij 


If \y - Xi^L\ < 1, 

my) - 1 |<J,, <c\y- 


<- 


C(T{y)y, 


N-\-2m 


N+2m 


(1 + hi,Lb -^LlI) = 


+r 


W(2/)) (--^- ,,iV+2^ )• 


(A.19) 
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Noting that for any ri G [1, 


N—2m ^ 


, we have 


_ \y - ^ 

/ I I \ N-\-2m ^ — 

{I + l^i,L\y - Xi^Ll) 2 


if/3-^ + ri< 0 ; 

t^i,L 

+ Ti > 0. 


C 


A^ + 2 m ; if/3 


N+2m 


Hence, we have proved 


c 


min(^^^-T,/3-T+l) 


+ C max \xi L — Pi\^. 


(A. 20 ) 

□ 


Lemma B.l. 


1 here 

= % 

oxij jjir 

K(T,\TTm*-l^^i _ ^2 X]j=l p/ 1 IJ'i 

^yVWi - ^Ti-+ <^( /3+1+e + 

oyi hi Pi 


^e constants 017^0 ana 05 

dUi _ ajCi 

a ~ i3-2^^rj 

OXij n 


/3 

Pi 


\Xi 


-P^f 


Proof. We first prove fIB.ip . We have 

t {_/ lij 2 J 




-). (B.2) 


1 

m* J^N 


m* J^N 


SK(y) . 

ay, ‘ 

j\yi yj P P’io ^i,j 


a. 


1 ^ ^{yi ^yj + Pid - 




+o{ ^ 

yi 


+ \Xi - Pi\ 


Now we prove flB.2p . Using 

we hnd 


..|,3-i+e^ 

Pi 

JZ 2 i.Pid ~ ^i,j) + 0 -l+e 

i yi 


Oj 
13-2 

yi 


+ \Xi- Pif ^). 


I Ohi 


m 


p.-i^ = 0, 

dhi 

oyi hi 

If <9^,1 
■ / Vj + ^id 

Ohi ^ 

C2E^Li«i p/ 1 . |xi 

fl +1 fl+i+e 

' /^i 


- P 




■ + 


yi 

P /-2 


0 




-)• 
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We complete the proof of Lemma IB. 11 □ 

Lemma B.2. Set W(x) = ^ f/j. Here the sum can be from 1 to n, or from 1 to infinity. 
Then for j = 1, ■ ■ ■ , N, 


/ {-ArWZ^jdy - / K{y)W^ -^Z,,dy 

p. . _ t;. .I Q( - i- L 1^. _ p.|/3-l+e 

Hi Hi 


^N-2m j^N-2m+l 


)• 


Proof. We have 

[ {-ArwZ,jdy = 

On the other hand, 


[ Y.^f-^Z,jdy = 0( 

JRN I 


J_^N+ 2 m+l 


)■ 


(B,3) 


K(y)W’^ -'Zijdy - / K(y)Ur -'Z,jdy 


= (m 


= 0 


-1) [ K(y)Ur'-^Z.,Y,U, + 0([ \Zi,j\(Y,Ui) 
1 ^ 






(B.4) 


jj^N—2m J^N—2m-\-l ■ 

Combining (1B.3I1 . (1B.4I1 and Lemma TB. II we obtain the desired result in Lemma TB. 21 □ 

Lemma B.3. There exists some constant C* > 0 independent ofi,j,n, such that 


-ArwZ,,^+,dy 


C'2ELa. 


nr 


E - 

HiiHiHl) ^ \xi — Xl\ 


K{y)W^ -^Z,^N+,dy 

04 


N—2m 


+o{- 


y+i+e 


+ \xi - Pi 


0 -i+e 


+ 


H 


Proof. Similar to fIB.dp . we can deduce 

[ K{y)W^^-^Z,^n+idy 


/R^ 


^^—2771+1+0 ^7V—2m+0 

K(y)Uf-'Zy„+idy 


)■ 


= [m 


L 


= (m- - 1 ) / 




+ 0 {- 


0 +i+e 


+ b, - P/-'+^ + 


H 


2m+l+0^7V—2mH-0 


). 
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which, together with Lemma fB.il gives the result. 


□ 


Appendix C. Estimate of the error term 
Let ul be a solution of (P) with the form 


+ 00 


RZ, P ^Li hhL,a;,/i ^ ^ ^^3, 




(C.l) 


i=i 


satisfying fll.Sp . fll.hp and fll.Sp . In this section, we will estimate the error term ul- 
It is easy to see that ojl satishes the following equation: 


(-A)-a;z. - (m* - l)K{y)W^;ju:L = N{ujl) + /l, 


where II and N{ul) are defined in (IA.9P and (lA.lOp respectively. 

By assumption fll.Sp . we have IIwlH* —?■ 0 as L —?■ +oo. 

Note that in the decomposition fIC.ip . we do not assume that G H„. See 


(C.2) 


for 


the dehnition of H„. Let us point out that and may not be a maximum 

point and the maximum value of in Bs{xj^L), respectively. Let Xj^l G Pi(Pj) be such 


that uiixj^i) = maxBpp^.)Mi := ■ From fll.Sp . we can deduce that as L —?■ +oo, 

fij,L = + ol(1)), and - Xj,L) = ol(1)- As a result, we have 


^^3,L,fJ-3,L ^^3,L,^^j,L 


—0(^\fIj^L{Xj^L ^j,L)\ + /4p IhyL — Ol{^)Ux 


^j,L 5 


and 


\^^l{x) \ = Op(l) 


Hl 


a — I — I \ 

+ f^j,L\y - Xj,L\) 2 


-+r 


So, we find that in flC.ip . Xj^l and fij^L can be replaced by Xj^l and fij^L respectively. For 
simplicity, in the following, we still use Xj^i and to denote Xj^i and flj^i respectively. 
Thus in fIC.ip . it holds 


\uJL{Xj,L) \ = 0{- 


I, 2 T N-2m 

In the following, we will use (IC.2P to estimate ul- 

Proposition C.l. It holds 

C 


-), |Va.iKL)l = 0(- 


,, 2 T N-2m+l' 

l^j,L ^ 


-)• 


(C.3) 






C max \xi L — Pi\ 
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Proof. In the existence part, we already know that 


\^L{y)\U{y)Y^ 


Pll 


t + PiAy - XiAY' 

E 


-1 


(C.4) 


IV — ATTL I ^ I g 


E 


IS — ‘2m 


where 6 ^ > 0 is a constant. 

Snppose that there is i/ G \ for some large i? > 0, snch that ||ci;||* is 

achieved at y. Then, flC.4l) gives 

IIc^lII* < + |Kl||«) + OK(l)||a;i||,. (C.5) 

Since HcjlH* —)■ 0 as L —)■ +cxo, we obtain 

\\ujl\U<C\\Il\U.. (C. 6 ) 

Snppose that ||cii||* is achieved ai y E Bn -i Let 

N-2m 

^dy) = Pj,L ' ^dyfly + 

and 


plL * — 


sup (cr(pj. ii/ + Xj^l) 


yem.^ 


_ N — 2m N — 2m 

Pj,L ' Pid 


d + dj\y- Pj,Ldi,L - Xj,L)\) ^ 


-1 


ddyY- 


Then |||a)L|||* is achieved at some y G i?_R(0). 
Suppose that 

1 


> Nbiy 


min( —r^y—T+l) 

Pl 


+ Cmax \xi^L - 


for some Nl -e- oo. Then as L —)■ +cxo, converges to ?7 7 ^ 0, which satishes 


lll■:iL|||* 


(_Arr/-K-l)t/o"\-^r; = 0, 


m 




Since 


^ L 11 * * C 


II^lIU ~ Nl 


< -k -)■ 0. This gives 


y = ao- 


dU, 


N 


0,11 I 


dy 


L=i + 


do 


i=i 


dUo,i 

dx4 


for some constant aj. 


On the other hand, we have 


_ IV —zm L 

^t(O) = 


2 
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N-2m+2 

WuLiO) = = Q( ^^-2n.+l^^r-2n.+l )- 

So, we find 77 ( 0 ) = 0 and Vr 7 ( 0 ) = 0, which implies Dq = ai = • • • = dat = 0. This is a 
contradiction. 

□ 


Corollary C.2. For any 6 > 0, we have 
\\uJL{x)\\c2m-l^B2sixj,L)\BlAxj,L)) ^ 
Proof. It follows from Proposition IC.ll that 


Tf_^_ 

fll\ min(X^-r,/3-r+l) 
h'L 


+ max \xi L 


P^f)■ 


|wL(a;)| < ||wL(a;)||* 5 ^-- iv- 2 ^ , 


< 


C 


hL 


+ max \xi^L - Pi\^), X e 545 ( 0 ;^,^) \ Bis{xj^L)- 

I J 4 


On the other hand, from flC.2p . using the estimates, we can deduce that for any p > 1, 

L°°{B4s(.Xj^L)\Blg(xj^L)) 

1 

The result follows from Lemmas IA.5I and IA. 6 I □ 


< C\\uJL\\L-<^{B4sixj^L)\By{xj,L)) + C'(||^(i^l)|U + IKlIU)—• 


Appendix D. Some basic lemmas 
For any integer n > 2, consider the following equations: 


\aj\^ 


'^djiai = 0 , j = 1 , 


2=1 


(D.l) 


where /3 > 1 is a constant, dij satishes da = 0, i = 1, ■ ■ ■ , k, dij > 0 , dij = dji, i 7 ^ j, and 
Cl > maxj X^"^i dji > miuj Ym=i ^ji > Cq > 0. It is easy to see that if a = (oi, • • • , Ok) 
satishes fID.ip . then a is a critical point of the function dehned as 


- n n n 

= -^rVT ~ nJlYl dijXiXj. 




(D.2) 


7=1 j=l 

It is easy to show that mlUa-giRn F{x) < 0 is achieved at a 7 ^ 0. Moreover, from dij > 0, 
we can assume > 0, j = 1, • • • , n. Using (ID.ip . if Oj = 0 for some j, then = 0 for all 

























EXISTENCE, LOCAL UNIQUENESS OF BUBBLING SOLUTIONS 


37 


i ^ j- Moreover, from flD.ip . we find 

n n 

(maxa,)^“^ < maxN dji, (min > min N > Cq > 0. (D.3) 

j j ' ^ j j ' ^ 

2=1 2 = 1 

We now prove the following result. 

Lemma D.l. The solution of fID.ip is unique if Oj > 0, j = 1, ■■■ ,n. Moreover, if we 
define the linear operator A as follows: 

n 

{AX)j = ^ djiXi, j = 1, • • • , n. (D.4) 

2 = 1 

Then ||AX|| > c'||X|| for some d > 0, where the norm for X is defined as ||X|| = maxj \xj\. 

Proof. This lemma was proved in [IT]. For the readers’ convenience, we give its proof here. 

Suppose that fID.ip has two solutions a = (oi, • • • , a^) and b = (6i, • • • ,bn), aj > 0, 
bj > 0, j = 1, ■ ■ ■ , n. Let T = max^ . We have two possibilities, (i) T < 0, (ii) T > 0. 

If T <0, then Oj < bj for all j = 1, • • • , n. So we can dehne Ti = sup^ ^,tj = bj~^j ^ 0- 
Then bj>aj+ fiaj~^{bj — afi. So 

n n 

fiaj~^{bj - Oj) < ^ djfibi - Oi) < Ti ^ djiOi = Tio^, 

2 = 1 2 = 1 

which implies fiTi <Ti. So Ti = 0. 

If T > 0, then there is a j, such that = T > 0. As a result, 

aj 

n n 

f3aj~^{aj - bj) < ^ djfioi - 6 i) < T ^ djiOi = Ta^, 

2=1 2=1 

which implies fiT < T. So T = 0. This is a contradiction. 

To prove the last part, for any X with ||X|| = 1, we let x = sup^ Then 

n n 

I djiXi\ < X djiOi = xa^j. 

2=1 2=1 

As a result, 

|(AA), | > /3af-Vil - “ ^)- 

Since /3 > 1, we can choose j, such that 

\(AX)j\ > af — x) > d > 0. 

□ 
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Now we consider 

n 

^ djitti = 0, j = 1 , • • • ,. (D.5) 

i=l 

Using Lemma [D. II and fID.Sp . we can easily prove the following result. 

Lemma D.2. Equation (1D.5P has a unique solution aj > 0, j = 1, • • • ,. Moreover, if we 
define the linear operator A as follows: 

OO 

{AX)j = ^ djiXi, j = !,■■■ ,. (D.6) 

i=l 

Then ||AX|| > c'||X|| for some > 0, where the norm for X is defined as ||X|| = max^ \xj\. 
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